We compute non-perturbatively the average up-down and strange quark masses from the large momentum (short-distance) behaviour of the quark propagator in the Landau gauge. This method, which has never been applied so far, does not require the explicit calculation of the quark mass renormalization constant. Calculations were performed in the quenched approximation, by using O(a)-improved Wilson fermions. The main results of this study are m 
Introduction
Determination of quark masses is becoming one of the most intensive field of investigation in lattice QCD [1] - [14] . The accuracy of the predictions is significantly improving mainly because of two recent theoretical developments:
• Non-perturbative renormalization procedures have been introduced [15, 16] in order to remove the systematic uncertainties coming from the truncation of perturbative series in calculation of the relevant renormalization constants. These procedures also provide an appropriate non-perturbative, short distance definition of the quark masses either in the so-called RI-MOM or Schrödinger functional schemes. The relation between the mass in the RI-MOM scheme (which will be used in this study) and in the MS scheme 1 , or the renormalization group invariant mass, is known at next-to-next-to-leading order (N 2 LO) [17] , and very recently even at N 3 LO [18] , in continuum perturbation theory.
• A second important theoretical progress is the reduction of finite cut-off (O(a)) effects obtained by improving the lattice fermion action and operators. The perturbative procedure, proposed in Refs. [19, 20] , has been recently extended to a fully nonperturbative O(a)-improvement by Alpha collaboration [21] , so that the remaining discretization errors are only of O(a 2 ).
In the past year, several independent lattice determinations of the light quark masses [9] - [11] have been presented, adopting both non-perturbative renormalization procedures and non-perturbative improvement.
The two standard definitions of the lattice quark masses are based on the vector (VWI) and the axial-vector (AWI) chiral Ward identities [22] . The VWI relates the bare quark mass to the value of the Wilson hopping parameter, 2am = (1/κ − 1/κ crit ). With this definition, one can easily show that the mass renormalization constant is Z m (µ) = Z −1
S (µ).
The definition based on the AWI is 2am = α|∂ µ A µ |β / α| P |β , where ∂ µ A µ and P are the divergence of the (improved) axial vector current and the pseudoscalar density, respectively. In this case, Zm(µ) = Z A /Z P (µ).
In this paper, in order to calculate the renormalized quark mass, we adopt a new method based on the study of the large-p 2 behaviour of the renormalized quark propagator. The method is based on the idea that at large Euclidean momenta it is possible to match lattice and continuum correlators by requiring the vanishing of chirality violating form factors [23, 25] . This procedure is justified by the following two observations. The first is that at large momenta the renormalized perturbation theory becomes chirally invariant (explicit chiral symmetry breaking effects induced by the regularization are reabsorbed by imposing the validity of the chiral Ward identities, while violations from the nonvanishing quark masses, disappear at large momenta). The second observation is that the contributions due to the spontaneous breaking of chiral symmetry, which are absent in perturbation theory, die off at large momenta. Thus, both effects decrease as we go deeper into the Euclidean region.
The simplest application of this idea is the possibility of relating the quark mass to the renormalized quark propagator
since, at large p 2 , we expect [26] 
In particular, the quark mass renormalized in the RI-MOM scheme, can be directly extracted from the quark propagator renormalized in the same scheme by using
where the trace is over both color and spin indices 2 . S(p; µ) is the (improved) quark propagator renormalized at some scale µ. Since the quark propagator is a gauge dependent quantity, the definition of the RI-MOM mass also depends on the gauge.
At large momenta and up to discretization errors, Eq. (3) is equivalent to the definition of the quark mass based on the AWI. Chiral symmetry provides a relation between the inverse quark propagator, S(p; µ) −1 , and the amputated Green function of the pseudoscalar density, Λ 5 (p; µ), computed between external (off-shell) quark states of equal momenta p. The AWI then reads:
All quantities in Eq. (4) are assumed to be renormalized (and improved) in the same scheme, and at the same scale µ. In the RI-MOM scheme (and in a fixed gauge), the Green function Λ 5 (p; µ) satisfies the following renormalization condition [15] :
By tracing both sides of Eq. (4) with γ 5 and by using Eq. (5), the relation (3) is readily derived. Note that if µ in Eq. (3) is not chosen in the perturbative region, i.e. µ ≫ Λ QCD , the definition of the quark mass will be affected by non-perturbative, chirally-breaking contributions proportional to the quark condensate and higher-dimensional operators, appearing in higher power corrections (∝ 1/p 2n ). The advantage in determining the masses from the quark propagators is that it is not necessary to calculate explicitly the mass renormalization constants (i.e. Z S (µ) or Z P (µ)). This is merely a consequence of the fact that the renormalized quark propagator is directly expressed in terms of the renormalized quark mass. Unlike in the case of the VWI, the critical value of the hopping parameter, κ crit , is also not needed (which is the advantage inherent to the use of the AWI). There is, however, one renormalization constant for any quark-mass definition: in our case, using Eq. (3), this is the quark-field renormalization constant Z q . In the RI-MOM scheme Z q is fixed by the following renormalization condition:
In summary, Eqs. (3) and (6) are all we need to extract quark masses from propagators. The procedure becomes rather complicated, however, if we want to extend it to the nonperturbatively improved case. The drawback with the method of Ref. [15] is that the improvement program (which was initially carried out for on-shell quantities) must be extended to off-shell Green functions on non-gauge invariant states and involves additional counterterms for a full O(a) improvement [23] . The strategy followed in this case will be illustrated in detail in Sec. 2. In this paper, Eqs. (3) and (6) have been used to compute the average up-down and the strange quark masses, by performing a lattice QCD calculation in the quenched approximation. We use the non-perturbatively improved action [21] , and improve the quark propagator in the chiral limit. The O(a)-improvement procedure for off-shell (gauge non-invariant) quantities has been discussed in Ref. [23] . Since that paper has not been published yet, we will describe here in some detail the specific case of the quark propagator. For technical reasons, which are related to the mixing with non gauge-invariant higher-dimensional operators (see below), we are not able to improve the propagator out of the chiral limit 3 . Therefore, our determination of the quark masses is affected by O(g 2 0 am) systematic errors. Since the value of the inverse lattice spacing in this simulation is a −1 ≃ 2.72 GeV, these errors are expected to be negligible for the strange and the light quark masses.
We conclude this section by summarizing the main results of this paper. From the study of the quark propagator, we extract the (quenched) light and strange quark masses in the RI-MOM scheme:
These results are in very good agreement with those of Ref. [9] , namely m RI s (2 GeV) = 138(15) MeV, and m RI ℓ (2 GeV) = 5.6(5) MeV. Using the N 3 LO perturbative formulae of Ref. [18] , we obtain the renormalization group invariant quark masses
where the renormalization group invariant quark mass is defined according to the convention usually adopted in perturbative calculations [17, 18, 29] , i.e.
with γ (0) m and β 0 , being scheme independent 4 . Finally, the quark masses in the MS-scheme read (9); 114(9); 111(9)} MeV ,
where the numbers within the curly brackets are obtained after converting the RI-MOM results to the MS one to NLO, N 2 LO and N 3 LO accuracy, respectively. The details on anomalous dimensions and beta function are listed in the appendix.
We note that in most of the phenomenological applications, for example with QCD sum rules, the theoretical expressions are only known to the NLO and, for consistency, the quark masses at the same accuracy should be used.
Similarly, we stress that lattice calculations of quark masses, in which the mass renormalization constants has been determined by using (one-loop) perturbation theory, should be compared with our NLO results of Eq. (11), since they have been derived at the same order of accuracy.
Preliminary results obtained with the method discussed in this paper were already presented at the "Lattice 99" Conference [30] .
Improved quark propagator
The general problem of improving gauge non-invariant, off-shell, correlation functions has been studied in Ref. [23] . Since this paper is still unpublished, in this section we discuss in some detail the non-perturbative improvement of the lattice quark propagator to O(a).
The subtracted quark propagator
The original idea of improvement [31] (later developed in Ref. [32] for gauge theories) consists in adding, to both the action and operators, a complete set of higher-dimensional ("irrelevant") operators, the coefficients of which are tuned as to cancel finite cut-off effects (to a desired order of lattice spacing). Specifically, the improvement of the Wilson action to O(a) is achieved by adding a set of dimension-five operators [21] ,
4 Note that in Ref. [16] , another convention has been used:
allowed by gauge invariance and discrete lattice symmetries, namely
where m is the bare subtracted mass and / D + m 0 the bare Dirac operator appearing in S W . The operators O 2 and O 3 can be reabsorbed in the definition of the bare strong coupling and the quark mass. A major simplification comes from the restriction of improvement to physical amplitudes, for which the equations of motion can be used. In this way, one is left with one (Clover) counterterm only, O 1 , the coefficient of which was computed non-perturbatively in Ref. [21] .
The equations of motion cannot be used to improve off-shell quantities (such as the quark propagator): in this case, one must also consider the operators O 4,5 . As for operators which are BRST allowed but not gauge invariant, only the BRST variation of c a ∂ µ A a µ (where c a and A a µ are the anti-ghost and gauge fields, respectively) may contribute. This term, however, can be absorbed into a redefinition of the gauge-fixing parameters [23] . Besides the terms in the action considered above, in Ref. [23] it has been also shown that, for the quark propagator, there is another operator, which is not BRST invariant but may contribute to off-shell correlation functions (because its presence is not excluded by Slavnov-Taylor identities). The effects of O 4,5 and of this extra operator can be eliminated with a simple redefinition of the quark field:
We now discuss how the unknown coefficients
(corresponding to the coefficient of the operator O 5 ) and c NGI , present in Eq. (14), can be determined from the analysis of the lattice bare quark propagator, S L (p). From Eq. (14), it follows that the relation between S L (p) and the improved, renormalized quark propagator, S(p), constructed in terms of the quark fields, q and q respectively, has the form:
In this equation, it is convenient to express the renormalized quark propagator, S(p), in terms of the two invariant scalar form factors, σ 1 (p 2 ) and σ 2 (p 2 ), defined in Eq. (1). For further use, we remark that at large p 2 , up to power-suppressed (∼ 1/p 2 ) and logarithmic corrections, σ 1 (p 2 ) ≃ 1 and σ 2 (p 2 ) ≃ m, where m is the renormalized quark mass. After substituting (1) into (15), one finds:
where σ 1L,2L (p 2 ) are the analog of σ 1,2 (p 2 ) for the lattice bare propagator. Using Eqs. (16) and (17), the coefficients c ′ q and Z q c NGI can be determined as follows: at large p 2 and in the chiral limit, since σ 2 ∼ 1/p 2 → 0, it is in principle possible to separate c ′ q and Z q c NGI using the p 2 dependence of σ 1 ; the overall renormalization constant Z q , including its O(a) mass dependence, can then be determined by combining Eq. (16) with the renormalization condition (6) 
and
In the large-p 2 region, by using Eq. (18), it is then possible to determine an "effective" renormalization constant, Z q , which reduces to Z q in the chiral limit. Moreover, in terms of the coefficient c ′ q , computed through Eq. (19), we can define a "subtracted" quark propagator, S(p), as:
If the coefficient c NGI were equal to zero, the subtracted propagator S(p) would correspond to the improved, renormalized quark propagator, S(p), as can be seen from Eq. (15) . In the presence of c NGI , however, S(p) and S(p) differ by terms of O(c NGI am), up to (small) logarithmic corrections. We conclude that, by following the procedure outlined above, we are able to exactly improve the quark propagator in the chiral limit. Out of the chiral limit, since c NGI is of O(g 2 0 ) in perturbation theory, the propagator is affected by O(g 2 0 am) discretization errors. In the range of quark masses considered in this paper, these terms are expected to be smaller than other statistical and systematic uncertainties. They may be important, however, in the calculation of heavy quark masses.
Practical implementation
Let us now discuss how the improvement procedure for the lattice quark propagator works in practice. As a preliminary (and instructive) step, we consider the inverse unsubtracted lattice propagator expressed in terms of the usual form factors, Σ 1L and Σ 2L :
5 A promising way to compute separately c ′ q and c NGI non-perturbatively is from the study of the quark-gluon vertex.
Σ 1L is special in that its p 2 -behaviour is protected by the VWI, Σ 1L (p 2 ) ∼ const.= Z V , as can be seen in Fig. 1 (empty circles) 6 . By using Eqs. (1) and (17), in the large-p 2 limit one finds
The effect of the O(a 2 ) term in Eq. (22) is important at large p 2 , as shown in Fig. 1 (22), we first multiply the original lattice propagator by the overall factor, (1 + z 2 p 2 ). Since the action is only O(a)-improved, this subtraction is formally irrelevant. The multiplication, however, removes the dependence of σ 1L (p 2 ) on p 2 , coming from the O(a 2 ) effect discussed above. This can be seen in Fig. 1 by comparing the squares and filled circles. It is important to add that z (for each κ) has been fixed by fitting to a constant the ratio
in the large p 2 -region. The data and the fit are displayed in Fig. 1 for κ = 0.1344. The numerical values for z will be given in the next section. The multiplication by (1 + z 2 p 2 ) flattens the p 2 dependence of both σ 1L and σ 2L . This effect is particularly pronounced for σ 1L , as can be seen in Fig. 1 .
We now describe the procedure followed to remove the constant contact term c ′ q , in Eq. (20) . After the multiplication of the propagator by (1 + z 2 p 2 ), we fit σ 2L (p 2 ) to the form expected from the OPE, namely (up to logarithmic corrections)
in the region of large Euclidean momenta where the OPE applies. We have used the interval 0.5 ≤ a 2 p 2 ≤ 2.0, which at β = 6.2 corresponds to 2 GeV 2 ≤ p 2 ≤ 15 GeV 2 in physical units. By comparison with Eq. (19) , the coefficient A is evidently A = −2a c ′ q . From the fit of our 6 Throughout this paper, we adopt a continuum notation in which ap µ stands for sin(ap µ ). Thus, for instance, a 2 p 2 corresponds to µ sin 2 (ap µ ) and a/ p is equal to µ γ µ sin(ap µ ). 7 Although not mentioned before, it is clear that there are other O(a 2 ) effects, besides those induced by the O(a) contact term, resulting in the factor (1 + z 2 p 2 ). These, however, are found to be much smaller, see below. data to Eq. (25), we obtain A = 0.617 (11) , to be compared to A (BPT) = 0.573, as computed in one-loop (boosted) perturbation theory [33] 8 . According to Eq. (3), the parameter B is proportional to the quark mass, so that it is expected to vanish in the chiral limit. The value that we obtain, B = 0.003 (6) , is well consistent with expectations. It clearly demonstrates that the contribution of the term proportional to the quark condensate is negligible in the range of momenta chosen for the fit. This point was recently questioned in Ref. [35] . From our fit this contribution appears to be completely negligible for p 2 
GeV
2 , as expected from OPE, if∼ Λ 3 QCD . Finally, we also obtain C = 0.022(4), for the parameter which contains the information on residual O(a 2 ) effects. Note that without the correcting factor (1 + z 2 p 2 ) we would have obtained C = −0.070(3), larger than the above results. This shows that the residual O(a 2 ) effects are smaller than those induced by the contact terms. To summarize, we subtract the unwanted discretization effects using
The resulting improved propagator, S(p), exhibits a good chiral behaviour at large p 2 and its inverse has small O(a 2 ) corrections. Σ 2 (p 2 ) is expected to be a slowly varying function of the momentum at large p 2 , with a logarithmic p 2 -dependence governed by the quark mass anomalous dimension. As shown in Fig. 2 , the bare form factor (Σ 2L (p 2 )) exhibits, instead, a strong linear dependence in (pa) 2 , induced by the O(a) contact term 8 The perturbative calculation of c ′ q indicates explicitly that this coefficient is gauge-dependent. proportional to c ′ q . This effect disappears in the subtracted form factor Σ 2L (p 2 ), defined from S −1 (p), as shown in the same plot. As a further confirmation of the effectiveness of the subtraction, we show (1+z Fig. 3 for different values of κ. At large p 2 and for all the values of the quark masses, this quantity has a good plateau corresponding, up to further O(a 2 ) corrections, to the contact term ∼ c ′ q that we want to subtract. In the same figure, we also show σ 2 (p 2 )/p 2 , after the subtraction and extrapolated to the chiral limit (filled circles). This curve demonstrates the accuracy of the subtraction procedure, since in this limit we expect σ 2 (p 2 )/p 2 ∼/p 4 .
Numerical details and physical results
In this section we briefly recall some elements of the lattice calculation which are explained in great detail in Ref. [34] , and present our physical results. These results are obtained on a sample of 200 quenched gauge fields configurations, on a 24 3 × 64 lattice and at β = 6.2. The value of the inverse lattice spacing, a 
All other details, concerning the analysis of the light hadron spectrum, can be found in Ref. [34] where a subset of 100 configuration was analyzed. As discussed in the previous section, Eq. (26) involves the determination of the constant z. From the fit of our data to (24) in the interval 1.1 ≤ (ap) 2 ≤ 2, we obtain:
in decreasing order w.r.t. the κ-parameter. With the value of z at hand, we follow the subtraction procedure described in the previous section and obtain the renormalized propagator, from which the quark masses can be derived. We now present the numerical results for Z q and for the quark masses in different schemes.
The quark field renormalization constant Z q
We fit the form factor Σ 1L (p 2 ) to a constant, in the large momentum region. According to Eq. (6), the value of that constant corresponds, up to tiny O(α 2 s ) corrections [17, 18] , to the value of the quark field renormalization constant, Z q , in the RI-MOM scheme. These values extrapolated (linearly) to the chiral limit give 9 :
which is to be compared with Z (0) q = 0.875, from one-loop (boosted) perturbation theory [33] . Note that the quark mass dependence of Σ 1L (p 2 ), which according to Eq. (18) comes from both the mass dependent term in Z q and the term proportional to c NGI , is rather weak.
Extracting the physical quark mass
From the subtracted inverse propagator, S −1 (p), we get the renormalized quark mass in the RI-MOM scheme which, according to Eq. (3), corresponds at large p 2 to
This quantity is unaffected by the correcting factor (1 + z 2 p 2 ). In Fig. 4 
with c RI (µ) computed in perturbation theory. We have chosen (µ 0 a) 2 = 1.45, in the middle of the fitting interval, corresponding to µ 0 = 3.28 GeV. With this procedure the error induced by the use of perturbation theory is negligible, namely we find that the differences between NLO and N 3 LO are less than 1 %. The reason is that the expression in Eq. (32) depends on the ratio of c RI 's evaluated at different but close scales. The numerical values of c RI (µ) has been obtained by using the quenched expression for α s (µ) with Λ QCD = 318 MeV [36] . We checked that by using Λ QCD = 238 MeV, as found in Ref. [16] , the central value of the masses is increased by less than 1%.
To compute the physical values of the light and the strange quark masses, we invoke the procedure described in Ref. [9, 34] . The masses are fitted as quadratic functions of the squared pseudoscalar meson masses. By using the method of "physical lattice planes" [4] , we fix the average up-down and the strange quark masses, from the π and K meson respectively 10 . The results are the following:
Since it is costumary to give the quark masses at the renormalization scale µ = 2 GeV, we use again Eq. (32) to rescale m RI (3.28 GeV) to m RI (2 GeV). This time, we have to run the mass to a lower scale than the one used in the fitting procedure (7.5 GeV 
GeV
2 ). For this reason the uncertainty due to higher orders is larger than before, namely of the order of 4 %. The results are those given in Eq. (7). We note, in passing, that there is no reason, if not for comparison with other calculations, to evolve the masses down to µ = 2 GeV. Indeed, it would be much more convenient to work at a scale µ 3 GeV where the uncertainty induced by higher order perturbative corrections is negligible.
We now illustrate the procedure adopted to obtain the quark masses in different schemes. The renormalization group invariant quark mass, which is a scheme and scale independent quantity, is related to m RI (µ) by the expression
whereas for the MS mass we have
The resulting values of m RGI q should be flat in a large range of µ 2 , as confirmed by the data shown in Fig. 5 . By using (34) , we obtain the following results 
In the MS case, from Eq. (35) we get the results quoted in Eq. (11) . In the calculation of m RGI q and m MS (µ), we have used the physical value of α s (µ), corresponding to α s (M Z ) = 0.118 [38] , computed with the appropriate number of active flavors, e.g. n f = 4 at 2 GeV. This choice can be justified by assuming that the masses in Eq. (7) are the physical ones, up to some unknown quenching errors. We checked, however, that the results by using the quenched α s with Λ QCD = 318 MeV, would be different by less than 2 % in all the cases considered in this paper.
Conclusion
We have applied a new method to compute the renormalized quark masses from the lattice quark propagator using the OPE. We have discussed the subtleties related to the improvement of the propagator and especially the troubles arising from the presence of contact terms. Some of these problems could be avoided by working with S L (x) instead than S L (p). Feasibility studies are underway. The main results, given in the introduction, are
